We investigate whether explicit models of warped D-brane inflation are possible in string compactifications. To this end, we study the potential for D3-brane motion in a warped conifold that includes holomorphically-embedded D7-branes involved in moduli stabilization. The presence of the D7-branes significantly modifies the inflaton potential. We construct an example based on a very simple and symmetric embedding due to Kuperstein, z1 = constant, in which it is possible to fine-tune the potential so that slow roll inflation can occur. The resulting model is rather delicate: inflation occurs in the vicinity of an inflection point, and the cosmological predictions are extremely sensitive to the precise shape of the potential.
Introduction. String theory is a promising candidate for the theoretical underpinning of the inflationary paradigm [1] , but explicit and controllable models of inflation in string theory have remained elusive. In this Letter we ask whether explicit working models are possible in the setting of slow roll warped D-brane inflation [2, 3] , in which the inflaton field is identified with the location of a mobile D3-brane in a warped throat region [4] of the compactification manifold. As explained in [3] , moduli stabilization introduces potentially fatal corrections to the inflaton potential in this scenario. Some of these corrections arise from complicated properties of the compactification [5] and have been computed only recently [6] .
The attitude taken in most of the literature on the subject (cf. [3, 7] ) is that because of the vast number and complexity of string vacua, in some nonzero fraction of them it should be the case that the different corrections to the inflaton potential cancel to high precision, leaving a suitable inflationary model. This expectation or hope has never been rigorously justified (but see [8] for a promising proposal), and there is no guarantee that the correction terms can ever cancel: for example, it may be the case that the correction terms invariably have the same sign, so that no cancellation can occur. In this Letter we report the results of a systematic investigation into whether or not this hope of fine-tuned cancellation can in fact be realized. Further details will appear in [9] . The new ingredient that makes this work possible is the result of [6] for a correction to the volume-stabilizing nonperturbative superpotential. As explained in [5, 6, 10] , this effect corresponds to the interaction between the inflationary D3-brane and the moduli-stabilizing wrapped branes [11] , i.e. D7-branes or Euclidean D3-branes wrapping a four-cycle of the compact space. The location of these wrapped branes therefore becomes a crucial parameter in the D3-brane potential.
In a recent paper [12] , Burgess et al. showed that for a particular embedding of the D7-branes, the Ouyang embedding [13] , the correction to the inflaton potential from the term computed in [6] vanishes identically. In this case the potential is always too steep for inflation, independent of fine-tuning. We have found a similar problem [9] in the large class of D7-brane embeddings described in [20] . Here we consider a more promising case, a simple holomorphic embedding due to Kuperstein [14] . For finetuned values of the microphysical parameters, the potential for radial motion of a D3-brane in this background contains an approximate inflection point around which slow roll inflation can occur. This potential is not of the form anticipated by previous authors: the D7-branes have no effect on the quadratic term in the inflaton potential, but instead cause the potential to flatten in a small region far from the tip of the conifold. We emphasize that arranging for this inflection point to occur inside the throat region, where the metric is known and our construction is self-consistent, imposes a severe constraint on the compactification parameters. Moreover, inflation only occurs for a bounded range about the inflection point, which requires a high degree of control over the initial conditions of the inflaton field.
We employ natural units where M The Compactification. Our setting is a flux compactification [15, 16] of type IIB string theory on an orientifold of a Calabi-Yau threefold, or, more generally, an F-theory compactification. We suppose that the fluxes are chosen so that the internal space has a warped throat region, and that n > 1 D7-branes supersymmet-rically wrap a four-cycle that extends into this region (see Figure 1) . As a concrete example of this local geometry, we consider the warped version [4] of the deformed conifold z 2 i = ε 2 , where z i are coordinates on C 4 . Assuming that the D3-brane is far from the tip of the conifold, we may neglect the deformation ε. We choose z α = (z 1 , z 2 , z 3 ) as the three independent complex D3-brane coordinates, and use the conifold constraint to express z 4 in terms of them. We suppose that this throat is glued into a compact space, as in [16] , and for simplicity we take this space to have a single Kähler modulus ρ. Moduli stabilization [11] relies on the fact that strong gauge dynamics on suitable D7-branes generates a nonperturbative superpotential,
n . The D7-brane embedding is specified by a single holomorphic equation, f (z α ) = 0, and the result of [6] is that
where A 0 is independent of the D3-brane position z α .
Including the flux superpotential [17] 
where k(z α ,z α ) is the Kähler potential of the Calabi-Yau space, and γ is a constant [9] . Well inside the throat but far from the tip, we may use the Kähler potential of the conifold [19] ,
Then the F-term potential is [12] , [9] 
where
To this we add the contribution of an anti-D3-brane at the tip of the deformed conifold [3] ,
where D = 2T 3 /h 0 , T 3 is the D3-brane tension, and h 0 is the warp factor [4] at the tip.
Towards Fine-Tuned Inflation. To derive the effective single-field potential, we consider radial trajectories that are stable in the angular directions, so that the dynamics of the angular fields becomes trivial. We also integrate out the massive volume modulus, incorporating the crucial fact that the volume shifts as the D3-brane moves [9] . Then the canonically-normalized inflaton φ ≡ r 3 2 T 3 parameterizes the motion along the radial direction of the throat. To investigate the possibility of sustained inflation, we consider the slow-roll parameter η = V ′′ /V . We find η = . Here, using the explicit result of [6] for A(φ), we compute ∆η and determine whether the full potential can be flat enough for inflation.
1
A reasonable expectation implicit in prior work on the subject is that there exist fine-tuned values of the microphysical parameters for which ∆η(φ) ≈ − 2 3 , i.e. the correction to the inflaton potential arising from A(φ) includes a term quadratic in φ, which, for a fine-tuned value of its coefficient, causes η to be small for a considerable range of φ. However, we make the important observation that the functional form of (1) implies that there is actually no purely quadratic correction. To see this we note that A is a holomorphic function of the z α coordinates, which, by (3), scale with radius as z α ∝ φ 3/2 . Thus, the presence of A(φ) in the form (1) does not lead to new quadratic terms in (4). This is concrete evidence against the hope of a fine-tuned cancellation of the inflaton mass over an extended range of φ.
However, as we now explain, there exists a simple example in which a different sort of cancellation can occur. Kuperstein [14] studied the D7-brane embedding z 1 = µ, where we may assume that µ ∈ R + . This embedding, and the potential in this background, preserve an SO(3) subgroup of the SO(4) global symmetry acting on the z i coordinates of the deformed conifold. To find a purely radial trajectory that is stable in the angular directions, we consider the variation δz 1 while keeping the radius r fixed. We then require the first variation of the potential δV = V (z 1 + δz 1 , r, ρ) − V (z 1 , r, ρ) to vanish for all r, and the second variation δ 2 V to be non-negative. The extremality constraint δV = 0 specifies the radial trajectories z 1 = ± 1 √ 2 r 3/2 , z 2 = ±iz 1 . A detailed study [9] of the angular mass matrix δ 2 V reveals that the trajectory
is unstable, while the trajectory
is stable in all angular directions. After integrating out the imaginary part of the Kähler modulus ρ, which amounts to the replacement A → |A| [9] , the potential along the latter trajectory is given in terms of the radius r (or the canonical inflaton φ) and the real-valued volume modulus σ ≡ 1 2 (ρ +ρ), as [9] 
Here g(φ) ≡ f (φ)
denotes the minimal radial location of the D7-branes.
We have also introduced c
The parameter σ 0 is the stabilized value of the Kähler modulus in the absence of the D3-brane (or when the D3-brane is near the bottom of the throat). Now, for each value of φ we carry out a constrained minimization of the potential, i.e. we find σ ⋆ (φ) such that ∂V ∂σ σ⋆(φ) = 0. The function σ ⋆ (φ) may either be computed numerically or fitted to high accuracy by the approximate expression [9] 
Substituting σ ⋆ (φ) into (7) gives our main result, the effective single-field potential V(φ) ≡ V (φ, σ ⋆ (φ)).
For generic values of the compactification parameters, V has a metastable minimum at some distance from the tip. In fact, one can show that the potential has negative curvature near the tip and positive curvature far away, so that by continuity, η vanishes at some intermediate value φ 0 . Then, one can find fine-tuned values of the D7-brane position φ µ for which this minimum is lifted to become an inflection point (see Figure 2 ). This transition from metastability to monotonicity guarantees that ǫ = 1 2 (V ′ /V ) 2 can be made extremely small, so that prolonged slow-roll inflation is possible. In our scenario, then, the potential contains an approximate inflection point at φ = φ 0 , where V is very well approximated by the cubic
for some V 0 , λ 1 , λ 3 . The number of e-folds derived from the effective potential (9) is Since η is small only for a limited range of inflaton values, the number of e-folds is large only when ǫ is very small. This forces these models to be of the small field type. The scalar spectrum on scales accessible to cosmic microwave background (CMB) experiments can be red, scale-invariant, or blue, depending on how flat the potential is. That is, n s − 1 = (2η − 6ǫ)| φCMB ≈ 2η(φ CMB ), where φ CMB corresponds to the field value when observable scales exit the horizon during inflation, say between e-folds 55 and 60. The sign of η(φ CMB ), and hence of n s − 1, depends on where φ CMB is relative to the inflection point. If inflation only lasts for the minimal number of e-folds to solve the horizon and flatness problems then the scalar spectrum is blue. If the potential is made more flat, so that ǫ is smaller, inflation lasts longer, and φ CMB is reduced, the spectrum can be red. This sensitivity to the details of the potential reduces the predictivity of the scenario.
Microscopic Constraints. A crucial consistency requirement is that the inflationary region around φ 0 , and the location φ µ of the tip of the wrapped D7-branes, should fit well inside the throat, where the metric is known. As shown in [21] , the range of φ in Planck units is geometrically limited,
where N ≫ 1 is the background D3-brane charge of the throat. When combined with the Lyth bound [22] , this yields a sharp upper bound on the tensor signal in these models [21] . Here we find that this same bound actually poses an obstacle to inflation itself: for an explicit inflationary model with the Kuperstein embedding of D7-branes, φ µ and φ 0 must obey (11) . Although one can find examples [9] in which this requirement is met, this imposes significant restrictions on the compactification. In particular, N cannot be too large, implying that corrections to the supergravity approximation could be significant.
Conclusions. We have assessed the prospects for an explicit model of warped D-brane inflation by including the known dangerous corrections to the inflaton potential. In particular, we have studied whether the hope of fine-tuning superpotential corrections to the inflaton potential to reduce the slow roll parameter η can be justified. As shown in [9] , for a large class [20] of holomorphic embeddings of wrapped D7-branes there are trajectories where the potential is too steep for inflation, with no possibility of fine-tuning to avoid this conclusion [12] . For the Kuperstein embedding [14] , fine-tuning is possible in principle, and inflation can occur in a small region near an inflection point of the potential. The requirement (11) that this inflection point lies well inside the throat provides stringent constraints on the compactification. Detailed construction of compactifications where such constraints are satisfied remains an open problem.
This study illustrates the care that must be taken in assessing the prospects for inflationary cosmology in string theory. It appeared that warped D-brane inflation involved many adjustable parameters, including the D7-brane embedding and other compactification data, and so it was reasonable to expect that many working examples would exist. However, the compactification geometry constrains these microphysical parameters so that there is much less freedom to adjust the shape of the potential than simple parameter counting would suggest.
The problem of constructing a fully explicit model of inflation in string theory remains important and challenging. Diverse corrections to the potential that are negligible for many other purposes can be fatal for inflation, and one cannot reasonably claim success without understanding all these contributions. We have made considerable progress towards this goal, but have not yet succeeded: a truly exhaustive search for further corrections to the inflaton potential remains necessary.
